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Abstract

In this paper, we study the internal exact controllability for a second order linear evo-
lution equation defined in a two-component domain. On the interface, we prescribe a
jump of the solution proportional to the conormal derivatives, meanwhile a homoge-
neous Dirichlet condition is imposed on the exterior boundary. Due to the geometry of
the domain, we apply controls through two regions which are neighborhoods of a part
of the external boundary and of the whole interface, respectively. Our approach to inter-
nal exact controllability consists in proving an observability inequality by using the
Lagrange multipliers method. Eventually, we apply the Hilbert Uniqueness Method,
introduced by Lions, which leads to the construction of the exact control through the
solution of an adjoint problem. Finally, we find a lower bound for the control time
depending not only on the geometry of our domain and on the matrix of coefficients
of our problem but also on the coefficient of proportionality of the jump with respect
to the conormal derivatives.
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1 Introduction

In this paper, we study the internal exact controllability of an imperfect transmission
hyperbolic problem. More specifically, we consider a bounded domain Q inR”,n > 2,
consisting of two sets €21 and 2, where €27 is compactly contained in 2 and 2 =
Q \ €. Thus our domain has an external boundary 32 and an interface boundary I
(see Fig. 1).

The hyperbolic problem is defined in the set €2, with appropriate interface and
boundary conditions on I" and on 9 2. Namely, on the interface separating the two com-
ponents, we prescribe a jump of the solution proportional to the conormal derivatives,
meanwhile a homogeneous Dirichlet condition is imposed on the exterior boundary.
From the physical point of view, this problem describes the wave propagation in a
composite made up of two materials with different systems in each component con-
nected through the interface. The jump on I' is the mathematical interpretation of
imperfect interface characterized by the discontinuity of the displacement (see [1, 7,
17,22, 33, 36, 39, 46, 47, 50, 54, 60, 61] and references therein).

The issue of exact controllability consists in acting on the trajectories of an evolution
system by means of a control either through the system internally (distributed control)
or through the boundary (boundary control) and asking if, given a time interval [0, T'],
is it possible to find a control (or set of controls) leading the system to a desired
state at time 7', for all initial data. In a suitable functional setting, the problem of
exact controllability reduces to that of observability. Roughly speaking, observability
consists in deriving an estimate for the energy of an uncontrolled system, at time
t = 0, in terms of partial measurements of its solution done on the control region.
This estimate easily implies an upper bound for the norm of the initial data of the
uncontrolled problem.

The observability inequality, far from being obvious, forces the control set to satisfy
suitable geometric conditions. Indeed, in [6], through the microlocal approach, the
authors proved that when considering a regular domain, the observability inequality
holds if and only if every ray of geometric optics, propagating into the domain and
reflecting on its boundary, enters the control region in time less than the control time
T.

In this paper, we do not require any regularity on d€2 and we make use of Lagrange
multipliers method to prove the above mentioned observability inequality. In general,
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Fig.2 wj-neighbourhood of 2. wy-neighbourhood of I' = 9£2;

when applying this technique, the assumptions on the geometry of the control region
are very restrictive. They require the control set to be a neighborhood of parts of the
boundary having specific structures. In our case, due to the geometry of the domain,
we need to introduce a further control set which is a neighborhood of the interface I'.
More precisely, we apply controls through two regions w; C €21 and wo C €2 which
are neighborhoods of a part of d€2 and of the whole interface I', respectively. In fact,
w (see Fig. 2 for control regions w; and w;) may also be a full neighborhood, for
example in the case of a circle. Other novelties in our framework are the jump of the
solution on the interface I" and the resulting presence of a non-constant coefficients
matrix. Due to the imperfect interface, when proving observability inequality, some
difficulties arise in estimating specific surface integrals. Moreover, as usual in the
hyperbolic framework, due to the finite speed of propagation of waves, the control
time 7 in our observability inequality has to be large enough. Indeed, the control
acting on w1 and w; cannot transfer the information immediately to the whole domain
Q. However, unlike classical cases, we find a lower bound for the control time 7T
depending not only on the geometry of our domain and on the matrix of coefficients
of our problem but also on the coefficient of proportionality of the jump with respect
to the conormal derivatives. The exact details are given in Sect. 3.

Once obtained the observability inequality, in order to find the exact control, we use
a constructive method, introduced by Lions in [42, 43], known as Hilbert Uniqueness
Method (HUM for short). The main feature is to build a control through the solution of
a hyperbolic problem associated to suitable initial conditions. These initial conditions
are obtained by calculating at zero time the solution of a backward problem by means
of a functional, which turns out to be an isomorphism, thanks to the observability
estimate (see Sect. 4). Let us recall that the control obtained by HUM is also an energy
minimizing control.

The paper is organized as follows. In Sect. 2, we introduce the setting of the evolution
problem, recall the definitions and some properties of the appropriate functional spaces
required for the solutions of interface problems under consideration. For more details,
we refer the reader to [22, 50] where the elliptic case is considered. Since the initial
data of our problem are in a weak space, the related solution cannot be defined using the
standard weak formulation. Thus, as usual when dealing with controllability problems,

@ Springer



40 Page4of33 Applied Mathematics & Optimization (2022) 85:40

we need to apply the so called transposition method (see [45,Chap. 3, Sect. 9]). We
also give the definition of exact controllability.

Section 3 is the core of the paper which is devoted to the proof of the observability
inequality (see Lemma 3.9). To this aim, we adapt to our context some arguments
introduced in [43] and [44]. By means of the Lagrange multipliers method, we derive
an important identity (see Lemma 3.2). Then, we specity the required geometrical and
topological assumptions on the position of the observer and on the control sets w
and w3 (see Definitions 3.4 and 3.5) and apply the above mentioned identity in order
to establish some crucial inequalities, given in Lemmas 3.3, 3.6 and 3.7. Finally, in
Lemma 3.8, we find the lower bound for the control time 7. Taking into account the
way w is constructed, it is possible to get different regions of controllability depending
on the observer point x°. The significance of the point x* will be clear in Sect. 3. In
Sect. 4, via HUM, we prove the exact controllability result by constructing the suitable
isomorphism that allows us to identify the exact control.

The pioneer studies on exact controllability for the wave equation with transmis-
sion conditions, via HUM, go back to [43], Chapter 6. Here J. L. Lions considers a
Dirichlet problem with matrix constant on each component of the domain and a con-
trol on part of the external boundary. Later on, in [49] the authors deal with the case
of a Neumann boundary value problem in the same framework. In [2, 5, 12, 16, 31,
32, 56, 59] optimal control and exact controllability problems in domains with highly
oscillating boundary are studied. Moreover, we refer to [9-11, 42] for exact control-
lability of hyperbolic problems with oscillating coefficients in fixed and perforated
domains, respectively and, [34-37, 54], respectively, for optimal control and exact
controllability of hyperbolic problems in composites with imperfect interface. In [55],
it has been analyzed the exact boundary controllability for the same imperfect trans-
mission problem considered in the present paper. Further, in [40] the optimal control
of rigidity parameters of thin inclusions in composite materials has been investigated.
In [19-21] the authors, respectively, study the correctors and approximate control for
a class of parabolic equations with interfacial contact resistance, whereas in [23] the
approximate controllability of linear parabolic equations in perforated domains has
been studied. In [64] (see also [63]), the author studies the approximate controllability
of a parabolic problem with highly oscillating coefficients in a fixed domain. The null
controllability of semilinear heat equations in a fixed domain has been studied in [38].
The exact controllability and exact boundary controllability for semilinear wave equa-
tions, respectively, can be found in [41, 62]. Finally, for what concerns transmission
problems in the nonlinear case, we quote [24, 25] (see also [28, 29]).

2 Statement of the Problem

Let Q2 be a connected open bounded subset of R”, n > 2. We denote by_ Q1 and
€2, two non-empty open connected and disjoint subsets of €2 such that 2 C €
and Q1 = Q\ Q. Let us assume that the interface ' = 92, separating the two

components of €2 is Lipschitz continuous and observe that by construction one has

IQNT = ¢. 2.1)
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Given T > 0, weset Q1 = 21 x (0, T), 0 =2, x(0,T), X =92 x (0, T) and
I'r=Tx(0,T).

This paper aims to study the internal exact controllability of a hyperbolic imperfect
transmission problem defined in the above mentioned domain. More precisely, given
two open subsets w; of ©;,i = 1,2, and a control ¢ := ({1, &2), we consider the
problem
uy —div(A(X)Vuy) = {ixe, in O,
uy —div (A(x)Vuz) = Hxw, in Qa,

A(Xx)Vuiny = —A(x)Vuyny on I'r,
Ax)Vuiny = —h(x)(uy —uz) on I't, 2.2)
u; =0 on X,
u(0) =00, uj(0)=U] in Q,
ur(0) = UY, uh(0)=U}  in Q,

where for any fixed i = 1, 2, n; is the unitary outward normal to ; and x,, denotes
the characteristic function of the set w; on which acts the control ¢;. For simplicity,
we denote the wave operator by L = 9;; — div(A(x)V ).

Let us recall the definitions of the required function spaces to study the interface
problem under consideration. They were introduced for the first time in [50] and
widely studied in [22] in the homogenization framework for the analogous stationary
problem. Indeed, these spaces take into account the geometry of the domain as well
as the boundary and interface conditions.

As observed in [8], the space

V= {vieH (€)|vi=00n3}
is a Banach space endowed with the norm
lvillv = [IVuill2q))-

Since we do not impose any regularity on the external boundary, the condition on 92
in the definition of V has to be intended in a density sense. More precisely, in view
of (2.1), V can be defined as the closure of the set of the functions in C®°(£21) with a
compact support contained in  with respect to the H'(Q1)-norm. We also set

He= {v= (v v e Vand vy e H'(2)]. 2.3)
The space Hr is a Hilbert space when equipped with the norm
iz = 1V01l172q,) + VU202, + 101 = 0201721

Indeed Hr can be identified with V x H! (£22), the norm above defined on Hr being
equivalent to the standard norm in V x H 1 (£22) (see [26] for details). We denote the
dual of Hr by (Hr)'. It follows that (see [19]), the norms of (Hr)' and V' x (H'(2))’
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are equivalent. Moreover, if v = (vy, v2) € (Hr) and u = (u1, up) € Hr, then

(v, u)ary e = (Vi un)yr v + (V2 u2) g1,y B (Q)) -

Remark 2.1 We point out that Hp is a separable and reflexive Hilbert space dense
in L2(Q1) x L?(»). Furthermore, Hr C L2 () x L? () with continuous
imbedding. On the other hand, one has that L? (Q) x L?(S») < (Hr), with
L? (R21) x L? (£22) separable Hilbert space. This means that the triple (Hr, L2 (1) x
L2 (£22), (Hr)') is an evolution triple. We refer the reader to [26, 27] for a detailed
analysis on this aspect. Also note that, in fact L2 (Q2)) x L? () can be identified
with L? () itself by observing that v = (v1, v2) € L% (1) x L? () if and only if
vV =vixQ, F2xe, € L? (). By the way, due to the nature of our problem, through-
out this work we prefer to adopt the notation v = (vy, v2) € L (1) x L% ().

Let us set

w ={v = (v, 1) € L0, T; V x H' () :

2.4
v = (v}, vh) € L2(0, T; L*(1) x L2(92))},
which is a Hilbert space if equipped with the norm
Ivllw = lvillz2,7;v) + lv2ll2200.7: 11 (20)) + vy ||L2(0,T;L2(91))
+ ” vy ||L2(0,T;L2(92)) :
Note that the control ¢ is such that
cew. (2.5)
We assume that the initial data of problem (2.2) are such that
HU = (U, UY) € L? (1) x L2 (),
{(ii) Ul =(U!,Uj) e (Hp) . 26)

Further, we suppose that A is a symmetric matrix field and there exist constants
o, B € R, with0 < o < 8 such that

: dajj 00 .
() aij, e €eL®(Q), 1<i,j,k=<n, @7

(i) (AR, 1) = alal, [AA] < BIA,
for every A € R” and a.e. in 2. We put

8a,~j

M = max max
1<i,j,k<n xeQ

: 2.8)
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The function & appearing in the interface condition satisfies
h € L°°(T") and there exists ip € R suchthat 0 < hg < h(x) ae.in .  (2.9)

Note that the initial data (2.6) are in a weak space, hence the solution of problem
(2.2) cannot be defined using the standard weak formulation. We need to apply the so
called transposition method (see [45,Chap. 3, Sect. 9]), usually used in controllability
problems. In some sense, it is an adjoint method where the solution is defined via an
adjoint problem which provides test functions. More precisely, we define the following
standard adjoint problem: for every ¢ = (g1, 82) € L2(0, T; L? (1) x L?(Q2)),
consider the backward problem

Ly = ¢ —div(Ax)Vy;) = giin Q;, i =1,2
AX)Vy ny = —-AX)Vyony on I'r,

AX)Vy ny = —h(x)(¥1 — ¥2) on I'r, (2.10)
Y1 =0 on X,
Yi(T) =y{(T) =0 in ,i=12.

As observed in [26], thanks to Remark 2.1, by using an approach to standard
evolutionary problems based on evolution triples (there are no weak data), the usual
weak formulation of problem (2.10) is valid. Hence an abstract Galerkin’s method
provides the existence and uniqueness result for the weak solution in W of problem
(2.10), together with the a priori estimate for the solution in W. For the sake of clarity,
throughout the paper, we denote by ¥ (g) = (¥1(g), ¥2(g)), the solution of problem
(2.10) and when there is no ambiguity, we omit the explicit dependence on the right
hand member.

Now we give the definition of solution of (2.2) in the sense of transposition.

Definition 2.2 For any fixed (UO, Ul) € (L2 (1) x L2 (92)) x (Hr)', we say that a
function u = (u1, uz) € L*(0, T; L? (1) x L? (£,)) is a solution of problem (2.2),
in the sense of transposition, if it satisfies the identity

/u1g1dxdt+/ uzgrdxdt
0 (%))

= - f U?w{(0>dx+(U11,w1(0>>, - / Udvs0dx (21D
Q viv Q

+(U. v20) (€ X V-

+
(H'(22)), H ()

for all g = (g1,82) € L?(0,T;L*(Q) x L?(R,)), where v is the solution of
problem (2.10). Here we have used the notation ¢ x, = (1 Xw; > £2 Xw,)-

By classical results (see [45,Chap. 3, Sect. 9, Theorems 9.3 and 9.4]), problem (2.2)
admits a unique solution u € C ([0, T1; L? () x L? (€2)) N C! ([0, T1; (Hr)')
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satisfying the estimate

0
lull o0, 7:02(1) xL2(2)) T+ 'l Lo 0.7 (aryy < CUIU 22y xL2(2))

12)
10 ey + 18 X lwo),
with C positive constant.

We denote by u (¢) = (u1 (£), uz (¢)) the solution of problem (2.2) in the sense
above defined and, when there is no ambiguity, we omit the explicit dependence on
the control.

Now, let us give the definition of exact controllability.

Definition 2.3 System (2.2) is said to be exactly controllable at time 7 > O, if for
every (U°,U"), (2° Z') in (L* (Q1) x L* (2)) x (Hr)', there exists a control ¢
belonging to W’ such that the corresponding solution u of problem (2.2) satisfies

wT) =2 u'(T)=2".

If the controllability is achieved for the zero (null) data 79 =0, Z! =0, then it is
known as null controllability. Since our problem is linear and reversible in time (see
[65]), it is sufficient to look for controls driving the system to rest. Hence, in the sequel
we prove the existence of a control ¢ € W’ of (2.2) such that u(T) = u'(T) = 0.

In this paper, we wish to prove a controllability result, but as remarked in the intro-
duction, it is not possible to achieve controllability without additional assumptions.
Namely, if €25 is star-shaped with respect to a point x* € €, and under suitable geo-
metrical assumptions on the sets w; and w», we are able to prove that system (2.2)
is exact controllable for a time 7 > O sufficiently large (see Theorem 4.1). To this
aim, we will use a constructive method known as the Hilbert Uniqueness Method
introduced by Lions (see [42, 43]). We point out that the control obtained by HUM
is also the energy minimizing control. HUM is fully a PDE based method and even-
tually it reduces to deriving the so-called observability estimate, which is the crucial
point, corresponding to an uncontrolled problem (see (3.1)). To get the observability
estimate, which is a delicate estimate from below, we need to establish some funda-
mental results based on the Lagrange multipliers method. These results are proved in
the following section.

3 The Observability Inequality

For T > 0, we consider the following homogeneous imperfect transmission problem

Lz; = zl’.’ —div(Ax)Vz;)) =0in Q;, i=1,2

A(x)Vziny = —A(x)Vzanp  on I'p,

A(x)Vzin1 = —h(x)(z1 —z2) on I'r, 3.1
z1=0 on X,

z(0) =20, Z/(0) =gz in @, i=12
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with the initial data
L= (d.8) et o' =(dd)er@)xL @), (3.2)

where n; is the unitary outward normal to 2;, i = 1, 2. The weak formulation of
problem (3.1) is given by

Findz = (z1, z2) in W such that
(el vy + (23, )@y H @) +/ AX)Vz Vordx
Q)

(3.3)
+ Jo, AV Vv dx + | h(x)(z1 — 22)(v1 — v2) doy =0

r
for all (v1, v2) € Vx H (Q)in D'(0,T), z;(0)=2), z.(0)=z!in Q;, i=1,2.

i’

As already observed, in [26] the authors prove the existence and uniqueness result for
the weak solution in W of problem (3.1) together with some a priori estimates.

Theorem 3.1 ([26]) Let T > 0, Hr and W be defined as in (2.3) and (2.4). Under
hypotheses (2.7), (2.9) and (3.2), problem (3.1) admits a unique weak solution z € W.
Moreover, there exists a positive constant C, such that

(34)

’ 0 1
Izl ey + 12 | oo, re2 @iy 20y < € (HZ ‘Hr * HZ HL2<91>xL2<92>)’

Let us remark that the solution of problem (3.1) has some further properties (see
[45], Chapter 3, Theorem 8.2). In fact, under the same hypotheses of Theorem 3.1,
the unique solution z of problem (3.1) satisfies

1€ C(0. T Hr), 2 € C (10,715 L2 (R0 x L* ().

Hence the initial values z(0) and z’(0) are meaningful in the appropriate spaces.

Now, we derive an important identity using suitable multipliers. It is essential for
establishing the inverse inequalities involved in the exact controllability problem. For
convenience, we use the repeated index summation convention. Moreover, when there
is no ambiguity, we omit the explicit dependence on the space variable x in the matrix
A and in the function h.
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Lemma3.2 Let g = (q1, . ..qn) be avector field in (W ()" and let z = (21, 22)
be the solution of problem (3.1)—(3.2). Then, the following identity holds

1 071 2
5/}:An1n1 (8_;11) qinik doy dt + — Z/ An;in; <—l) qiniy doy dt

- / h (o1 — 22) @k (Vo (21 — 22V doy di
r'r
1 2
/12
2 /r (12 = AVo2i Vi) qunis dor d 35)
07 gk
/
= Z <Zi’q’€ﬂ> ‘ 2/ |Z | —AVZIVZ,) ™ dx dt
3a1] aZl BZZ
AVZz;V d dt — - dx dt,
+Z/ “ Qk * Z/ Z 0Xy 8xl ax., *

where

9z / , az; ()
s Gk — = (t d
(Z, Uy k) o Z; (Dqr ™ x

and Voz; = (sz,-)’}.:1 denotes the tangential gradient of z; on I fori = 1,2 ( see,
for instance, [43,p. 137]).

Proof We prove the result for a strong solution of problem (3.1), that is under the
following more regular initial data

{ZO = (¢} 9) € (H*(Q1) NV) x HA(Q), (3.6)

= (zl ) e v x H ().

Indeed one can easily prove that it holds also considering the weaker hypotheses (3.2)
(see for instance [43]).

0
Let us multiply the first equation in (3.1) by gx 8ﬁ and then integrate on [0, T'] to
Xk
get

T ” 0z1 0z1
/ (21 qe-—)v v dt +/ AVZY (g ) dx di
0 0xk 0 0x
9 9
—/ AVZig L, do, dt—/ AVt doy dt =0, (37)
= 0xg Iy Xy

For clearness sake, let us rewrite the above identity as
h+bh+L+14=0.
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Applying integration by parts and Gauss-Green theorem repeatedly, we get

T /
0
—/ Zgi L dx dr
0 01 0xk

0z
Ilzfz/lqka—ldx
Q Xk
az1  |" 1/ 3,0
/ /
21qk— dx| — = — |21| gk dx dt
/Qll x|, 2 Qlaxk|1|
3
f 1z1|2ﬂdxdt__

LS|

+ -
0 2

/ |Zl} qinik doy dt

/ |Z/1|2qkn1k doy dt.
2 Jr,

Since z; = 0 on X implies z; = 0 on X by stronger regularity assumptions, the third
term vanishes. Hence we get

/ ’1‘2%‘1 df—z'/r ‘Z/l‘zqknlkdoxdt.
T

Now, we compute 1>

9 9
b= f AV Vg 2L dx dr +/ AV V2L dx di
0 an 01 8Xk

J

0z1 1 gk
AVZ1qu— dx dt — = AVZz1Vzi— dx dt

8 2 01 a)Ck
/Ql >

Lj=
1 1
+= | AV Vziggniy doy dt + =
2 Js 2

0z
AVZ1qui dx dt —l—/
8xk

0
AVziqr—Vz1 dx dt
(o] Ry

dayj dz1 dz1

dx dt

0Xy 8xl ax,

AVzZ1Vzigrnik doy dt.

Ir
. 0z1 dz1  0z1
Moreover, since z; = O on X, one has Vz; = —nj on X, thatis — = —n,
ang 0Xy ang

hence I3 becomes

I3

9 2
—/ Aniniqinig (i> doy dt.
b ony
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Also note that the fourth term in the last expression for 1> is —%13. Combining the
computations for Iy, I, I3 in (3.7), we can get the following identity for z;

921 r 2 0gi 2
/ Zlqka— dx / | 1| —dx dt——/ |z/1’ qinik doy dt
Qi Xk I'r

a 1
+/ AVZ Vg 2L dx d;——/ AV V21 2 gy dn
01 dxx 2 Jo, dxk

day; 371 3z 1
_ _f Z ST I T gy dt + —/ AVziVziginig dox dt - (3.8)
0 5o axp ax; 8xj 2 Js

1
+ —/ AVZz1Vziginik doy dt
2 Jr,

321\ 3
— / Aniniqinik (i> do, dt — / AVzlnlqki doy, dt = 0.
= ony Iy Xy

0
Analogously, multiplying the second equation in (3.1) by gx aﬁ and then integrating
Xk
on [0, T], we get

T |
+‘f |z 2|2ﬂdx df—‘/ |25)? qenax do, dt
0 2 ([0} 2 I'r

9 1 dq
+/ Avqukﬁ dx dt — —/ AV V2 2K gy ar
[ 2 0> a)Ck
3.9)

1 f day 822 312 1 /
- = Gk dx dt + = AVzoVzoqinag doy dt
2Jo, IJZ::I 0xy, E)xl Bx] 2 Jr, *

022
— AVZznzqk— do, dt = 0.
I'r 0xk

Let us note that this last identity is similar to (3.8) except for the integral terms defined
on the boundary X. This is due to the fact that z; is defined on 2 whose boundary is
only I'.
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By summing up the identities (3.8) and (3.9), we obtain

2

(),

T 2
1 d
+ = Z/ (|z§|2 — AVZ[VZ,’) 295 ax di
Q; 0 2 iz 0; an

aZi
+ Z/ _ AVZiVQkE dx dt
8al Jj 821 Bz, /
- dx dt — 3 doy dr (3.10)
Z / Z axp 0x; Bx Z |Z| qinik doy

0z
AVziVziqinir doy dt — Z/ AVzin ,qk dox dt

1 071 2
- = Anlnlqknlk —_— doy dt = 0.
2 Js ony

The above identity is nearly close to the claimed one except for the third line. Never-
theless, if we observe that, for any fixed i = 1, 2 we have

0z;
Vz; = —n; + Vyzi (3.11)
371,'

on the interface I', by the symmetry of A, the third line of (3.10) becomes

1
—/ AVz;Vzigini, doy dt —/ AVzin lqk do*x dt =
2 I'r r'r

1 0z 0z
= _/ A <_lnz + VUZZ> <_lni + Vazi) qiniy doy dt
2 Iy 8n, ani
821 azi
- Al —n; + Vozi | nigr | =—nix + (Vozi)k | doy dt
Iy on; on;
1 9z \2 dzi
= —/ An;in; ald qiniy doy dt +f Anivgziiqknik doy dt (3.12)
2 I'r 8]’1,‘ I'r 8n,~

1
+—f AV52ziVoziqknik doy dt
2 Jr,

3z \° dzi
_f An;in; (i) qinik doy dt —/ AVsziniqy— Nk doy dt
I'r 8ni I'r 3

_ f AVzinigi (Vo 2k dos di
r'r
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1
+—/ AVs2iVoziqinir doy dt —/ AVziniqr(Vozi)k doy dt.
2 r'r r'r

By putting (3.12) into (3.10), taking into account the interface condition in problem

(3.1) and since np = —n1, we finally obtain the required identity
2 T 2
az; 1 9
§ : (Zg’qk l) + 5 E / (|Z;|2—AVZ,'VZ,')ﬁdx dt
— 0xk /o 2~ Jo, 0xk
i=1 P10 i=1 t

2
0z
+Z/ _ AVzdikﬁ dx dt
i=17%i

2 n
1 dap. j dz; 0z;
_Z_/ G 1,j 9Zi 0Zj dx dt
= 2 Jo; P 0xi 0x; 0x;

2
1
-3 ;/1.“1 ’z”zqknik doy dt

2 2 2
1 0z 1
— E 5/ An;n; (8—1) qinik doy dt + E 5/ AVs2iVeziqinik doy dt
i=1 I'r n; i=1 r'r

+ / h (21— 22) 4k (Vo (21 — 22 do d
r'r

8 2
—/ Aniniqgnik (i> doy dt = 0.
by ony

This completes the proof of the lemma. O

At this point we want to apply the above identity for a particular choice of the
vector field g in order to derive the observability estimate. To this aim we adapt to our
context some arguments introduced in [43, 44].

Let x° € R” and set

O = (o —xDr_,. (3.13)

mx)=x—x
We divide the boundary 9€2 into two patrts, i.e.
8Q(x0) ={x€ed: m(x)n(x) =mr(x)n(x) > 0} (3.14)
and

92.(x%) = 992\ 92 (x?).
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We denote
2% =92 x% x (0, T) and T,(x%) = Q. (x°) x (0, T).
Further, let us define

R; (xo) = max |m(x)|fori = 1,2 and R(xo) = max |m(x)|. (3.15)

x€; xe

Some remarks are in order. Usually, in the context of controllability problems, the point
x¥ can be viewed as an observer and 9Q (x°) is strictly related to the action region,
where the control is acting. The choice of x° gives various control regions according
to the position of the observer and has advantages and disadvantages. For example,
if Q is a circle, geometrically, 32 (x?) is concave to the observer. More in particular,
ifx%isa point inside €2, then 92 (xo) = 0€2, since the entire boundary is concave to
any point inside. On the other hand, if x¥ is outside €2, then drawing the tangents from
xY, the boundary is divided into two parts, where 92 (x9) is concave to x° (related to
the control region) and 92, (x9) is convex to x° (not related to the control region).
When dealing with internal controllability, the control region is a neighbourhood of
02 (xo). In our case, due to the geometry of the domain, we need to introduce a further
control set which is a neighbourhood of the whole interface. As we will see later on,
the choice of x* will play a fundamental role also on the control time (see Lemmas
3.8 and 3.9). In the following, we introduce the energy E(¢) of problem (3.1)—(3.2)

E@®) = l|:‘/‘ |Z/1(t)|2dx +/ |Z/2(t)|2dx +/ AVz1(t) Vz1(t)dx
2 Q1 Q) Q1
+ / AVZ (1) Var(t)dx + / hm(r)—zz(z)ﬁdax] (3.16)
Q) r

Let us note that E(¢) is conserved (see [27], Lemma 4.1), that is
E(t) = E(0), forallt € [0, T]. (3.17)

We set
2 2
1 az1\? 1 / 3z
S == A — do, dt + — Anin; | — ik doy dt
2/2 n1n1(8n1> mygnig doy —}—2; . nin; on: minji doy
—/ h(z1 — z2) mg (Vo (21 — 22))x doy dt
r'r
12
+§Zf (IZ,’»Iz—AVﬂz,’qui)mknik doy dt. (3.18)
i=1 /I

Let us observe that S is nothing else that the left-hand side of (3.5). We want to
find a lower bound for S. To this aim we introduce a technical geometrical assumption
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concerning not only the position of the observer x° but also the geometry of the domain
2. This geometrical property will characterize the choice of the control region related
to the interface (see Definition 3.5 and Lemma 3.7).

Lemma 3.3 Let us suppose that 2 is star-shaped with respect to a point x° € .
Let z = (z1, 22) the solution of problem (3.1)—(3.2). Then, for any T > 0, it holds

nR(xMHM Rx" (n— 1o
S > |:T <1 — T) — 2max( Nz , 0 )] E(0), 3.19)

with M defined as in (2.8) and S as in (3.18).
Proof We take gy = my = x; — x,?, for k = 1, ..., n, in the identity (3.5). Then,

. . . . am
Vaqr = Vmy = ey, where e is the canonical basis element. In particular a—k =1
X

n
omy,
and thus Z —— = n. Hence, we have
P X

2 T 2
0z n
— / il = "2 _ Rvas
S = E (Zi’mkaxk>9, + 2 E /Q. (Izi| AVlez,) dx dt
i=1 il0 i=1 !

2 2 noa o 3.20)
1 dajj 0z; 0z (
—+ E / AVZ,‘VZ;‘ dx dt — 5 E / mp a—m{a—mg dx dt
=179 i=1 7 Qi 1, j=1 J

=81+ 5 + 53+ S4.

We want to estimate S1 + S» + S3 + S4. Let us pose

T
az;(t
X; = (z;(r),mk il )) (3.21)
8.Xk Q:
10
and
_ /12
Y; _/ (|z,.| —AVz,-Vzi> dx dt (3.22)
Qi

fori = 1,2. Hence, S| = X| + Xo, S = g(Yl + Y») and therefore (3.20) can be

rewritten as
n—1
S=Sl+52+S3+S4=(X1+X2)+T(Y1+Y2)
L2
2
+5;/Qi <|z§| +AVZiVZi) dx dt

n

1< dasj 3z; 9z
—52/ mi Y S L i . (3.23)
i=1 i .

Py 0xg 0x; 0x;
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Taking into account (3.16) and the conservation law (3.17), we get

n—1
51+52+S3+S4=(X1+X2)+T(Y1+Y2)+E(0)T

2

dajj 0z; 9
_ 2 Z/ —al’ 95 % gy dr.
8xk 0x; 0x;

1
—— | hizy — 2> doy dt
/FT Pl dox (3.24)

By multiplying the PDEs in (3.1) by z; and z» respectively, and taking into account
interface and boundary conditions, we get

2

T
Y1+ Y, = Z (Z;(I), Zi(l‘))gi ‘0 +/ h(z1 — Z2)2 doy dt.

i=1 Ir

Hence (3.24) becomes

n—2
Si+ S+ 53+ Su = 71 +Zz+E(0)T+T/ h121(0) — 2200 do di

(3.25)

8 dz; 0

—-Zf 0 9% 9%y gy,
axk ax, 8x
where r
dz; (¢
Zi= <z;(r>,mk L zl(n) L fori=12  (3.26)
Xi .
Q 0

Thus, we have an E(0)T term. We need to see that it is a leading term. Thus, we
need to estimate the other terms in (3.25). To this aim, let us fix i € {1, 2}. By Young
inequality we get

i ; —1
(Z§ (), mg agx(:) +——z (t)) f |2; ()] ‘ el (t) + 0] dx
)| dx + i/ (3.27)
Q; 2/,L Qi
. _ 2
x Imk—BZl Nl SN
Xy
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where 1 is an arbitrary positive constant. By applying Gauss—Green, it holds

3z, (1) 1 9
/ my———=z;(t) dx = —/ mg— |zi (0]
Q; 8Xk 2 Q; an

n 1
=—= / |z (O dx + = / mynig |zi (1) doy.
2 Jo, 2 Jr

Hence, by (3.15), the second term in the right hand side of (3.27) can be estimated as

9z (¢ -1 az: (1) 12
/ meI—()+n Zl(t) dx:/ mkzl—() dx
Q; 0xk Q; 0Xy
n—1% nmn-1 5
— (D d
+[*5 ) [ or x
n—1
+— / minix |z () doy (3.28)
r
< (Ri(x"))? / IVz;i(1)|* dx
Q;
n—1 2
5 kanik |zi (t)|° doy,
—1)? -1
where, we have used the fact that (n ) ) — n(n2 ) < 0. Let us note that by (3.15)
R(%) = Ri(x%) > Ry(x?), (3.29)

since x¥ € Q, thus, by putting (3.28) into (3.27) and taking into account (2.7), we

obtain
<Z 1), mkaZl(t) + Zl(l)) < _/ |Z (I)| dx
axk
0y)2
%fn AVz;(t)Vzi () dx (3.30)
n—1

/mknik |z: ()| do.
4 Jr

Let us consider the last term in (3.30), for i = 1, 2. We observe that

1 2 2 2
§|Z1(l)| —la2®| = lz1() =207, Vtre[0,T]

@ Springer



Applied Mathematics & Optimization (2022) 85:40 Page 190f33 40

Moreover, by our assumption on x% and since ny = —ny on T, it holds that myny; < 0
on I'. Hence, we get

2
> [ mnalaP doy = [ mne (1210F = 2P do
i=1 7T r

l 2 2
< | mgnik 2IZ1(I)| |z2()|7 ) dox
r
</| I !
< | Imgnil|=
r 2

1 2
Imllzoy | |z 1217 =
ril2

121 () = (3.31)

IA

2| do,

R(x%)

[h&mw—mmfd@.
r

Taking into account (3.30) and (3.31), we get the estimate

>

i=1

((r) 32[([)4- 1z,-(t)>
xk

2
. < %Z/ﬂ 20| dx

0y)2
(Rz(zp,)) Z f AVzZi(1)Vz; () dx

(3.32)

_ o
+ w/ R (21(t) — 2())? do,
r

R (n— 1)
< max <7ﬁ T ) E(1).

0

The last inequality follows by choosing p = and by the definition of energy

as in (3.16). Hence by (3.17) and taking into account (3.26), we readily see that

R (n—1)Ja
Ve o 2hg

|Z1 + Zo| < 2 max ( ) E(0). (3.33)

The estimate of the last term in (3.25) is straight forward using the ellipticity and
boundedness of the matrix A (see also [48]). More precisely, taking into account the
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energy definition in (3.16), we have

n

2 n 0

1 daj; 0z; 9z; R; M

EZ/ mi Y %aia—z dx dt| < Z# AVZiVz dx dt
iZ17Qi oy OXk OXLOX] i=1 “« Qi (3.34)

0
- nR(x" )M
o

TE(0).

By putting (3.33) and (3.34) into (3.25), we finally arrive at the lower bound

R(x° -1 R(xM
s> omax (RED =DV b por - "ROOM b6 (3as)
ﬁ 2hg o
The proof is now complete. O

We now specify the required topological assumptions on the control regions w; and
> in order to obtain our exact controllability result. See Fig. 1 and Fig. 2 for sample
domains.

Definition 3.4 Let x” be as in the hypotheses of Lemma 3.3 and let 32 (x”) be defined
asin (3.14). We say that w1 C 21 is a neighbourhood of 9€2 (x0) if there exists some
neighbourhood O C R” of 99 (x9) such that

w=21N0O.

Definition 3.5 We say that w, C 5 is a neighborhood of I in €23, if there exists some
neighborhood O C R" of I" such that

wr =2 NO.

We will now establish a couple of important results which are crucial to get the
observability inequality given in Lemma 3.9 below. In this direction, we consider the
function 7 = (71, ... %) € (C'(R™))" satisfying the following properties:

(1) ‘[.nlzlonag,
(i) supp T C . (3.36)
(i1 Izl e @y < 1.

The existence of such a vectorial field is proved in [43].

Lemma 3.6 Let w1 be a neighborhood of 92 (xo) and let 7 = (21, 22) the solution of
problem (3.1)—(3.2). Then, for any T > 0, it holds

9 2

71

/ Anqnq (—) doy dt
X(XO) E)nl

1

1
< 2max (1, —) E(0)
2 o

T
+C/ / (lz§|2+ |Vz1|2) dx df3.37)
0 w1
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Proof Taking gy = %,k =1, ...,n,in (3.5), by (3.36)i) and (3.36)ii) we get
1 371\’
—/ Aniny (i) doy dt
2 E(XO) 8n1
T

0

1 (T 0 ATk
- — AVZ1Vz) — dx dt 3.38
+ 2_/0 /c;] (|Z1| 21 Zl) ™ X (3.38)

T
5
+/ / AVZ VT 2L dx dr
0 w1 dx

n

1 [T da;j dz1 @
__/ / tkzﬂﬁﬂdxdt.
2 0 w1 =1 8xk axz ax]'

Passing to the absolute value, by (3.16), (3.36)iii), Young inequality, the conservation
law and since T € (C'(R"))" , we obtain

921\ 1
/ Anyn, <ﬂ> do, dt| <= —f |25O)| dx
z(xo) 8n1 2 ]

1 1
+5 Jon (D) dx + 5 Jon 1V21O)F dx

1

2

1 T
i [ vamp dx+c1/ / (1412 + AV21 V21 ) dxds
2 w] 0 w1

T T
+C2f / AVZz1Vz dx dt + C3/ / |Vz1|2 dx dt <
0 w] 0 w]

1 T
< 2 max (1, —> E©) + c/ / (|z’1|2 n |Vzl|2> dx dt.
o 0 w]

O

We will get a similar result for the neighborhood w». To this aim, let w € C'(R")
be such that
(1) suppw C wa,

(i) 0<w<1lin wo,
(3.39)
(i) w=1on T,

i) [[Vw| poowny < C.

@ Springer



40 Page22o0f33 Applied Mathematics & Optimization (2022) 85:40

The existence of w is quite standard, see for example, [43]. Let us denote

1< 9z: \*
S, = — / An;in; (—l) myn;i doy dt
T ) ; I i ani i X

_fl“_r h(z1 —z2) mg (Vo (21 — 22)) doy dt

2
1
+3 E / (|z;|2 — Avgz,-vgzi) mynix doy dt.
. r
i=1 T

we want to find an upper bound for Sr,.

Lemma 3.7 Let ws be a neighborhood of T and let z = (z1, 22) the solution of problem
(3.1)—~(3.2). Then, for any T > O, it holds

R*(x%)

T
|Sr, | < 2max (1, )E(O)—i—C/ / (\1’2\2+ |V22|2) dxdt. (3.40)
0 w)

Proof Let us choose in (3.5) g = my w, k = 1, ..., n. By Young inequality, (3.16)
and the conservation law, we obtain

R*(x9)

1 I
IS, | < E/ |25(0)]? dx + 5/ |4(T)[* dx +
(05} w2

Rz(xo) 5 n
+ Voo (T)|” dx +
2 0 2 Jo

/ V220 dx
1233

T
f (|z/2|2 + AszVzZ) dx d
[97)

T
—i—Co/ / (|Z/2|2+AVZZVZ2) dx dt
0 w?

T T
+C1/ f AV V2o dx dt+C2/ / |Vzo|? dx dt
0 w2 0 )

RZ 0 T
< 2 max (1, x )>E(0)+C/ / <|z’2|2+|V22|2> dx dr.
(o4 0 w)

O

Collecting together the results of Lemmas 3.3, 3.6 and 3.7, we obtain the following
lower estimate.

Lemma 3.8 Let us suppose that Q is star-shaped with respect to a point x° € Q)
satisfying
R < &£ (3.41)
~vE .
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Assume w and w) are neighbourhoods of 3Q (x°) and T respectively, and let z =
(z1, 22) the solution of problem (3.1)—(3.2). Then, there exists Ty > 0 such that

’ 2
E0) < C1(T)/ / <|Z']| + |Vz1|2) dx dt
0 w]

T
+C2(T)/ / (]2’2]2+|sz|2) dx dt,
0 w)

for T large enough so that

(3.42)

T—-To nRGOHOM
> .
T o

(3.43)

Proof By putting (3.37) and (3.40) into (3.19), we get

nR(xOHM Rx" n— 1o
[T <1_T) _2max< Ja ' 2ho >]E(O)

R(x% R2(x%)
a o« )

< 2 max (1, R(x), E(0)

T T
+C1/ / (|Z/1|2+ |VZ1|2) dxdt+C2/ / (‘Z/Z|2+ |VZ2|2) dx dt.
0 ] 0 o

Denoting
R(x° -1 R(x%) RZ(x°
To = 2max [ &) WO Lo 1RGOy, RO RN 3
Ja 2hg o o
we obtain

0 T
[T <1 - M) - To} E©) < C1/ / (I +1vzi?) dxar
o 0 w]
T 2
—}—Cz/ / (|z/2| +|V12|2) dxdt.
0 w?

nR(xOM
o
Tj is positive and we get the result. O

Thus, if (3.41)is satisfied and if T is large enough so that (3.43) holds, T (1 —

Some comments are in order. For sake of simplicity, all integrals in previous lemmas
are written between 0 and 7. Actually they could, as well, have been written between
e and T — ¢ with ¢ > 0 and sufficiently small. More precisely, by using (3.16) and
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the conservation law, the inequalities (3.19), (3.37) and (3.40) can be written as

1 T—¢ 9 2
— / Aniny <i> mynii doy dt
2 Je Pl ony

1 T—e 9z \*
+= Anin; | — | mynii doy dt
2 N e r Bn,-

i=1

2
T—e
—/ / h(z1 — z2) mp (Vo (21 — 22))i doy dt
e r

1 T—¢
Y f / (157 — AVoziVoz; ) munis o di
X e r

i=1

nR(x"M R (n— 1o
> |:(T—2e) <1—T)—2max< Ja , o >:| E(0),

T—¢ 2
d
/ / Aninq <ﬁ> mini doy dt
e AQ(x0) any

< 2 max (1, l) E(0)
o

T—¢
+C1/ / (|z3|2+ |V21|2) dx dt,
& w]

1
X_
2

and

1
2

2 T—¢ 9z:\2
Z[ /A”ini (—l) mynix doy dt
e r on;
T—¢
—/ / h(z1 — z2) mg (Vo (21 — 22))i doy dt
e r
2 T—¢
+ Z[ / <|Z§|2 - Ang,'ng,') myn;y do, dt
. Je r

i=1

R2(x0 T—¢
< 2 max (1, x ))E(0)+C2/ / (’z'zlz—i—Iszlz) dx dt,
o e )

1
2

respectively. By arguing as in Lemma 3.8, if ¢ is chosen to have T — 2¢ large enough
so that
(T —2¢)—Ty nRGOHM

>
(T — 2e¢) o
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and if (3.41) is satisfied, we get

T—¢ ’
E0) < CI(T)/ [ <|Z/1| + IVzllz) dxdt
& w]
T—¢ )
+C2(T)f / <|z/2| +|vm|2) dx dt. (3.45)
£ w)

Now, we can prove the observability inequality which is crucial to establish the
exact controllability result.

Lemma 3.9 (observability inequality) Let us suppose that 2, is star-shaped with
respect to a point x° € Qy satisfying condition (3.41). Assume that w| and w, are
neighbourhoods of 32 (x°) and T respectively and let z = (z1, z2) be the solution of
problem (3.1)—(3.2). Then there exists Ty > 0 such that

T
E(O)ECl(T)/ / (|z;|2+|z1|2) dx dt
0 w]

T
+ Cz(T)/ f (|z’2|2 + |Zz|2) dx dt,
0 w)

for T large enough so that

(3.46)

T—-Ty RG&OM
> .
T o

(3.47)

Proof In view of (3.42), we need to estimate Vz; in terms of z; and z;, i=1,2. Let
wp1 C 21 be a neighborhood of 92 (x% and wpr C Qy be a neighborhood of I" such
that

QNwy Cwi,i=1,2.

Note that (3.45) is true for any neighborhood of 92 (x%) and T, then it is also true
for wg;, i = 1, 2 and we obtain

T—¢ 2
E(O)SC{(T)f f <|z’1| +|vZ1|2) dx dt
€ w1
T—¢ 5
+C§(T)/ / <|z’2| +|Vz2|2> dx dt.
€ w02

Let us consider p € W1(R), p > 0 such that

(3.48)

1) p(x) =1in (wo1 YU wp),

(i) p(x) = 0in 2\ (w1 U wn).
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Define the function p(x,t) = n(t)p(x) in & x (0, T), where n(r) € C'([0, T1) is
such that n(0) = n(T) =0and n(t) = 1 in (¢, T — ¢). Thus, p satisfies

i) px,t)=1in(wo1 YUwe) x (6, T — &),
Gi) p(e, 1) =0in (Q\ (@1 Uw)) x (6, T — &),
i) p(x,0) = p(x, T) = 0in 2, (3:49)

VPP
(iv) —— € L®(Q x (0, T)).
P

Multiplying the equation for z; in (3.1) by pz; and integrating by parts in Q1, we
obtain

T
/ (], pz1)vr.y dt +/ AVZz1V (pz1) dx dt
—/ AVzipziny doy dt =0
Ir

using (3.49)ii) and the fact that z; = 0 on X. One more integration by parts of the
first term leads to

T T
—/ / Zip'z1 dx dt—/ / 12y 1> p dx dt
0 w1 0 w]
T
+/ / AVz1Vpzi dx dt
0 w]

T
+/ / AVz1Vzip dx dt —/ AVzipziny doyx dt = 0.
w] r'r

Arguing as above, we get a similar identity for z;. Now, summing up and using the
imperfect interface condition, we get

T T
/ / AVz1Vzip dx dt—i—/ / AVz,Vzop dx dt
0 w] 0 (03}
T T
:/ 12412 p dx dt+/ / |25|? p dx dt
)
T
f / Zip'z1 dx dt+/ f zhp'z0 dx dt (3.51)
w1 w)
/.

T
—/ AVz1Vpzy dx dt —/ / AVzVpzp dx dt
0 0 1073

—/ hp(z1 — 22)2 doy dt.
r'r

@ Springer



Applied Mathematics & Optimization (2022) 85:40 Page 27 of33 40

We now estimate the terms on the right hand side of the above expression. To this aim
let us fix i € {1,2}. We have

T T
/ / |Z§|2P dx dt < ||p||L°°(O,T;Q)/ / |2§|2 dx dt (3.52)
0 w; 0 wj

and by Young inequality

T 1 T
f / zip'zidx dt < EHP/”LOO(O,T;SZ) (f f |zi|? dx dt
0 wj 0 wj
T
+/ |Z/|? dx dt) ) (3.53)
0 wj

To estimate the other two terms, we apply again Young inequality and hypothesis

(2.7)ii) to get
T
/ f BIVzillVpllzil dx dt
0 w;

T
f f AVz;Vpz; dx dt
0 wj i
T
< ,62)// / pIVzi|? dx dt (3.54)
0 wj

1 [T Vpl|?
+—/ / VDL 12 dx ar,
dy Jo Jo, P

for any y > 0. By putting the above estimates into (3.51) and taking into account
(3.49), we obtain

T T
a</ / |V11|2pdxdt+/ / |sz|2pdxdt)
0 ()] 0 w2

T T
<cC (/ 12412 dx dt +/ |251% dx dz) (3.55)
0 w] 0 (2]

T T
+ By (/ |Vz112p dx dt+/ |Vza|?p dx dt),
0 w] 0 w)

=

for some constant C > 0 and for any y > 0. Thus, choosing y < % and by (3.48)

and (3.49), we get the desired result. O

Corollary 3.10 (equivalence of norms) Let us suppose that 2 is star-shaped with
respect to a point x° € Qy satisfying condition (3.41). Assume that o\ and wy are
neighbourhoods of 32(x®) and T respectively and let z = (z1, z2) the solution of
problem (3.1)—(3.2). Then, there exists To > 0 such that

T T
12 5 712 2
E(0) < C(T) (fo fw (141 + 1 )""‘”*/0 /wz (I +122F) d“h) (3.56)

= G(TME),

@ Springer



40 Page28o0f33 Applied Mathematics & Optimization (2022) 85:40

for T large enough so that (3.47) is satisfied.
Proof The proof is an immediate consequence of (3.4), (3.16), (3.17) and (3.46). O

The above lemma essentially shows the equivalence of the standard norm in Hr
with the norm

T T
(/ / (I +11) dxdt+/ / (I + 122%) dxdt)
0 w1 0 2

It also proves the following uniqueness result: if z; = 0in w; x (0, T'), then z; = 0 in
Q; x (0,7),fori =1,2.
These are the main points to develop the HUM method described in the next section.

172

4 HUM and the Internal Exact Controllability Result

In this section, by using the Hilbert Uniqueness Method introduced by Lions (see [42,
43]), we prove the internal exact controllability of system (2.2) stated in the following
theorem.

Theorem 4.1 Assume that (2.7) and (2.9) hold. Suppose that 2 is star-shaped
with respect to a point x° € Q, satisfying R(x°) < a/(nM). Let w1 and w> be
neighbourhoods of Q2 (x%) and T, respectively. Then, for any given (UO, Ul) in
(L2 (€21 x L? (Qz)) x (Hr)', there exist a control ¢ € W' and a time Ty > 0 such
that the corresponding solution of problem (2.2) satisfies

uw(T) =u/(T) =0, 4.1
for T large enough so that

T—-Ty nR&OHM
> .
T o

4.2)

Proof We point out that the exact controllability is achieved in the space (L2 (1) x
L? (522)) x (Hr)' with control in W'. In fact, we represent the control ¢ in terms of the
solution z of problem (3.1)—(3.2) with appropriate chosen initial data. The method is
constructive, indeed one could develop it as a numerical algorithm. We briefly describe
the HUM which essentially relies on the observability estimate, given in Lemma 3.9.

Given any (2°,z') € Hr x (L?(Q)) x L?(R)), let z the solution of problem
(3.1)—(3.2). Then consider the following adjoint problem

L6; = 6] — div(A(X)V6;) = (=2 + 2i) e in Qi, for i =1,2

A(x)VOin; = —A(x)Vbn, onIr,

Ax)VOin; = —h(x)(61 — 6>) onI'r, 4.3)
6 =0 on X,

6;(T) =6/(T) =0 in§; for i =1,2,
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where the solution 6 = (61, 6,) is intended in the sense of transposition. Here —z x, ,
fori = 1, 2 is to be interpreted in a duality sense, namely

T
(=2 Xeog» V)W, W =f / zZiv} dx dt, 4.4)
0 w;

forall v = (vy, v2) € W.
Now, if (U?, U') are the initial conditions of problem (2.2) with ¢; = —z;’ + zi,
then, by uniqueness, the null controllability problem is solved if 6 satisfies

6:(0) =U?, 0/(0)=U/} 4.5)

fori = 1, 2. Thus, the key point is to choose the initial data (zo, zl) € Hr x L?(Q))
so that the above initial conditions for 6 are satisfied. This motivates us to define the
linear operator

A Hp x (L2 Q) x L? (Qz)) — (Hp) x <L2 Q) x L? (Qz)> (4.6)

as follows

A (zo, zl) = (0(0), —6(0)) . “.7)

Hence the null controllability problem reduces to prove that A is onto, since then one
can solve

A (Zo,zl) = W', -U%

to obtain suitable initial values (zo, zl) leading to (4.5). In fact, we prove that A is an
isomorphism and then the solution of the above equation is unique. In this direction,
we compute

(A (2% 21), (% 21)) = (@), -6(0)), (%, "))
_ o’ 0 _ 1
= (6] (0), z1>V,’V /Ql 2161 (0)dx “s)

+ <0§ (), zS) 226, (0)dx,

(H'(@2)) H (@) /szz

for every (zo, zl) € Hr x (L2 (Q) x L? (Qz)).
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By definition of transposition solution, it is easy to see that the right hand side of
the above equation satisfies

<9; 0), z(])>v/’v - / 216, (0)dx +<9§(0),z3> 226 (0)dx

a (H' (@) H (@) fgz

T T
Z/ / <|Z/1|2+ |Zl|2) dx dt +/ / <|Z/2|2 + |Z2|2) dx dt.
0 w1 0 -

Thus, we have

T
<A (zo, Zl) ; (ZO, z1>> = / (\z’1|2 + |21|2) dx dt—i—/ / (|z/2|2 + |Z2|2) dx dt.
w1 x(0,T) 0 Jan

(4.10)
In view of the equivalence of the norms stated in Corollary 3.10, the above identity
shows that A is an isomorphism between Hr X (L2 (€21) x L? (Qz)) and (Hr)' x
(L? (Q1) x L* (), for T large enough so that (4.2) is satisfied. Hence Theorem
4.1 holds true with exact control

(4.9)

¢ Xo = (&1 Xwi» CZsz) = ((_Z/l/ + Zl)le s (_2/2/ + Z2)Xa)2)’
which is an element of W'. O

We point out that, unlike classical cases, the lower bound for the control time T
depends not only on the geometry of our domain and on the matrix of coefficients of
our problem but also on the coefficient of proportionality of the jump of the solution
of problem (2.2) with respect to the conormal derivatives via the constant /.
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